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Abstract

A new multi-state Harten—Lax—van Leer (HLL) approximate Riemann solver for the ideal magnetohydrodynamic
(MHD) equations is developed based on the assumption that the normal velocity is constant over the Riemann fan.
This assumption is same as that used in the HLLC (““C” denotes Contact) approximate Riemann solver for the Euler
equations. From the assumption, it is naturally derived that the Riemann fan should consist of four intermediate states
for B, # 0, whereas the number of the intermediate states is reduced to two when B, = 0. Since the intermediate states
satisfied with all jump conditions in this approximate Riemann system are analytically obtained, the multi-state HLL
Riemann solver can be constructed straightforwardly. It is shown that this solver can exactly resolve isolated discon-
tinuities formed in the MHD system, and hence named as HLLD Riemann solver. (Here, “D” stands for Discontinu-
ities.) It is also analytically proved that the HLLD Riemann solver is positively conservative like the HLLC Riemann
solver. Indeed, the HLLD Riemann solver corresponds to the HLLC Riemann solver when the magnetic field vanishes.
Numerical tests demonstrate that the HLLD Riemann solver is more robust and efficient than the linearized Riemann
solver, and its resolution is equally good. It indicates that the HLLD solver must be useful in practical applications for
the ideal MHD equations.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The magnetohydrodynamic (MHD) equations are the basic equations to represent macroscopic phe-
nomena in various fields such as laboratory, space, and astrophysical plasmas, and the development of
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accurate, efficient, and robust numerical schemes for MHD becomes increasingly important. Particularly,
in space and astrophysical plasmas, it can often happen that the density becomes rather low and the inter-
nal energy is less dominant than the kinetic energy and, in some cases, the magnetic energy. The physical
solutions of the MHD equations possess a positivity preserving property such that positive densities and
positive pressures must be retained in every situation. However, numerical simulations for such low density
plasmas sometimes generate unphysical solutions of negative densities or negative pressures. Therefore,
robustness of the MHD scheme is quite important for practical applications with realistic parameters.

In order to obtain accurate numerical solutions for the ideal MHD equations, Brio and Wu [4] first
developed the Roe-type linearized Riemann solver [26] for MHD with y = 2. For general y, construction
of the Roe-type matrix and corresponding Roe-type average, which are more elaborate than those for
y = 2, has been pursued, for instance, by Cargo and Gallice [5] or Balsara [1]. Practically, an arithmetic
average was often utilized instead of the Roe average, and it seems to work well [27]. Although the linear-
ized Riemann solver for MHD is considerably more complicated than for the Euler equations and less effi-
cient than “classical” MHD schemes such as Lax—Wendroff, it is accurate and robust enough and also
efficient in comparison with the nonlinear Riemann solver [6,27]. Thus, the linearized Riemann solver might
be a standard solver for the practical MHD simulations at present (e.g., [18,22,25,28]).

However, it has been shown that any linearization of certain Riemann problems for the Euler equations
will yield a negative density or pressure, and therefore, no linearized Riemann solver for the Euler equations
can maintain the positivity of density and pressure in every situation [9]. Moreover, the linearized Riemann
solvers for MHD become more problematic than for the Euler equations in terms of positivity because neg-
ative pressures may be produced by numerical errors of not only the kinetic energy but also the magnetic
energy.

As for the Euler solvers, the positivity preserving property is assured by variants of the flux vector split-
ting (FVS) method [12], the Harten—Lax—van Leer (HLL) approximate Riemann solver [9] and the HLLC
Riemann solver (where “C” stands for Contact wave) [2]. These schemes are said to be positively conser-
vative. Particularly, we notice that the HLLC Riemann solver where the intermediate states in the Riemann
fan are separated into two intermediate states by a contact discontinuity can resolve isolated contact dis-
continuities exactly. The other positively conservative schemes cannot resolve those discontinuities and,
as a consequence, are quite dissipative.

On the other hand, for MHD, appropriate FVS schemes equivalent to the Euler equations have not been
constructed so far partly because the flux function of the MHD equations is not homogeneous of degree
one in the vector of the conservative variables. The positivity preserving property of the HLL Riemann sol-
ver for MHD was investigated by Janhunen [16], where the MHD equations are modified to allow numer-
ical magnetic monopoles, and confirmed from the extensive numerical experiments. Recently, Gurski [13]
extended the HLLC Riemann solver of the Euler equations to the MHD equations and proposed an
HLLC-type MHD Riemann solver and a modified version of the HLLC solver called smooth HLLC.
The smooth HLLC was thought to be more accurate than the HLLC-type solver and a positively conser-
vative variant of Linde’s two-state approximate Riemann solver [20,21]. Independently, Li [19] also pre-
sented another variant of the HLLC-type Riemann solver for MHD. However, those solvers may not
exactly resolve isolated rotational discontinuities probably due to the two-state approximation in the
Riemann fan, although the HLLC-type Riemann solvers are more efficient than the standard linearized
Riemann solver. As a result, it seems that the numerical resolution of the HLLC-type MHD solvers is
not comparable with that of the linearized solver except for fast and entropy waves.

Thus, the previous schemes that are positively conservative for MHD are not satisfactory with respect to
resolution, although the positivity preserving property is quite important in practical applications. There-
fore, in this paper, a new scheme for the MHD equations is developed, which can satisfy the requirements
of both positivity and high resolution nearly comparable to the linearized Riemann solver. The new solver
is constructed by extending the HLL and the HLLC solvers for the Euler equations. Although there is



T. Miyoshi, K. Kusano | Journal of Computational Physics 208 (2005) 315-344 317

another essential problem for multi-dimensional MHD concerned with the violation of the divergence
constraint (see, e.g., [8,16]), discussions of positivity here are restricted to one-dimensional MHD. Our
HLL based solver for MHD can exactly resolve not only isolated contact discontinuities but also all other
isolated discontinuities formed in the ideal MHD system, and therefore, the solver is named as HLLD.
The organization of the paper is as follows: After introduction, the MHD equations and their nature are
presented in Section 2. We briefly review the single-state and two-state HLL approximate Riemann solvers
in Sections 3 and 4. In Section 5.1, new multi-state approximate Riemann solver for MHD, called HLLD
solver, is proposed. The important properties of the HLLD solver such as an exact resolution of disconti-
nuities and a positivity preserving property are argued in Sections 5.2 and 5.3. In Section 6, several numer-
ical tests are performed, and those results are discussed. Finally, concluding remarks are given in Section 7.

2. Governing equations

General one-dimensional hyperbolic conservation laws can be written as
oU OF
P i 1
o T m
where all eigenvalues of the Jacobian 4 = 0F/0U are real and distinct, and the set of corresponding eigen-

vectors is complete. In one-dimensional ideal MHD equations, the conservative variable vector U and the
flux function F are given by

p pu
pu pu? + pr — B,
oV pvu — BB,

U=|pw |, F= pwu — B.B. , (2)
B, Byu — B
B. B.u — B.w
e (e 4+ pr)u — B.(v-B)

where v = (u, v, w), B = (B,, By, B.), pr denotes the total pressure, and other notations are standard. Here,
due to the divergence free condition of the magnetic field, B, is given as a constant in one dimension. The
pressure p and the total pressure pt are given by

1 1 1
p==1)e3on = 5BF) and pr=p3[BP,

respectively.
It is well known that these equations have seven eigenvalues which correspond to two Alfvén waves, four
magneto-acoustic (two fast and two slow) waves, and one entropy wave:

Jog=UTFCay, Ag=uFcr, Ms=uFc, M=u, (3)

where

12
2
wp+ B £ \/(”/P + IBIZ) — 4ypB;

2p
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It is obvious that the inequalities
ML << h<Ah<A<h

are satisfied, and thus, some eigenvalues may coincide depending on the direction and the strength of the
magnetic field. Therefore, the MHD equations are not strictly hyperbolic, and, as a consequence, the com-
plete set of the eigenvectors is not obtained straightforwardly [1,4,5]. In addition, as first pointed out by
Brio and Wu [1], the flux function F is not convex in the vector U in the MHD system.

Since the MHD equations possess non-convexity as well as non-strict hyperbolicity, a solution of the
Riemann problem may be composed not only of ordinary shock and rarefaction waves but also other waves
as compound waves and overcompressible shocks [4,17]. Although it is not so easy to solve the Riemann
problem for such MHD system in general, the discontinuous solutions formed by the regular waves can be
discussed easily using the Rankine—Hugoniot relations, S[U] = [F], where S denotes the speed of the discon-
tinuities and [-] indicates the jump of the states ahead of and behind the discontinuities, U; and U,. When
we consider solutions for which u;, u, # S, i.e., there is net particle transport across the discontinuities, and
B, # 0, three types of shock solutions are obtained. In the cases of the compressible solutions, that is,
p1 < p> and u; > u,, the fast and slow shocks are realized, in which both shocks conserve the signs of the
tangential components of the magnetic field. While the magnetic field is strengthened behind the fast shock,
it is weakened behind the slow shock. On the other hand, the incompressible condition for which p; = p,
and u; = u, gives the following relations:

ol =lpl = [B2+ B2 = 0.+l = B, +voln] = B, 4)

across the discontinuity which moves with the Alfvén wave speed A, or Jg. This solution is called the Alfvén
shock. Since thermodynamical quantities, p and p, are not changed across the discontinuity, it is also called
the rotational discontinuity. Also, the discontinuity moving with the entropy wave speed 14 must be satisfied
with

[B)) = [B]=[v] =[w]=[p] =0 (5)
for the case of B, # 0, or

2 2
B+ B?

-0 (6)

for B, = 0. The former discontinuity is called the contact discontinuity. At the contact discontinuity, the tan-
gential components of the velocity and magnetic field must be continuous. The latter relation, on the other
hand, indicates that the tangential velocity and the tangential magnetic field may have a jump across the
discontinuity. Thus, that is called the tangential discontinuity.

3. HLL Riemann solver

Let us consider general hyperbolic conservation laws (1), where U and F are not specified here. The inte-
gral form of the conservation laws for a rectangle (x;, x») X (¢1, ) is given by

/x U, )dx — / UG, 1)dx + / " F(U, 0))d — / " F(Ux, 0))dt = 0. (7)

1 1 31

Harten et al. [15] showed that the Godunov-type scheme for (1) can be written in conservative form:
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U = U - 2 FRO UL UL)) — FROUL, WD),

-1

where n and 7 indicate a time step and a cell number, respectively, and R(x/#; U}, U}, ) is the approximate

solution of the Riemann problem around the interface x;;,. In this form, the appropriate numerical fluxes

are obtained by applying the integral conservation laws (7) over the rectangle (x; x;112) X (", **') as
L [fr e — X Xirl/2 — Xi
F; =F-— R(i;U’ﬂU'_’ )dx =y, 8
+1/2 At /’C‘ At i i+1 + At i ( )
where Fiy 1, = F(R(0; U7, U7, ), F; = F(U}), and Ar = "1 — ¢". We note that the exact solution of the Rie-

mann problem Rey.. produces the fluxes of the original Godunov scheme. The numerical fluxes F;., ob-
tained by the other integral conservation laws over (X412, X;+1) X (£", 1) must coincide with (8) due to the
consistency with the integral form of conservation laws over (x;, x;+1) X (7", ™).

Particularly, Harten et al. [15] proposed one of the simplest Godunov-type scheme, the so-called HLL
approximate Riemann solver. The HLL Riemann solver is constructed by assuming an average intermedi-
ate state between the fastest and slowest waves. Consider a “subsonic’ solution of the single-state approx-
imate Riemann problem at the interface between the left and right states, Uy and Ug, where the minimum
signal speed Sp and the maximum signal speed Sk are negative and positive, respectively (Fig. 1). By apply-
ing the integral conservation laws (7) over the Riemann fan, (AtSt, AtSgr) X (0, At), the intermediate state is
given by

_ SrUr — SLUL — Fr + FL )
Sr — S '
After that, as denoted by (8), the integral over (AzSt, 0) x (0, A7) gives the HLL fluxes,
F— SrFL — SLFr + SrSL(Ur — Up) . (10)
Sr —SL

If both signal speeds are of the same sign, the fluxes must be evaluated only from the upstream side. There-
fore, in general, the HLL fluxes become

U*

Fpo if Sp > 0,
Fuw = { F* if S <0 < Sk, (11)
Fr if Sg <O.

Practically, (11) can be unified with (10) if the signal speeds are replaced by Sy = min(Sy, 0) and
SR = maX(SR, 0)

In order to complete the HLL Riemann solver, Sg and S; must be estimated appropriately. Correctly
speaking, the upper and lower bounds of the signal speed in the system cannot be obtained without infor-
mation of the exact Riemann solution [2]. Particularly, the difficulty for the MHD equations may be

UL UR

X

Fig. 1. Schematic structure of the Riemann fan with one intermediate state.
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increased because bounded waves are capable of compound waves. Therefore, we should determine the
algorithm as exactly as possible so as not to underestimate the minimum and maximum signal speeds.
For example, Davis [7] gave those speeds as

Sy = min [4,(Up), 41 (Ur)],

, 12
SR = max [/um(UL), /In,(UR)], ( )
or Einfeldt et al. [9] used the algorithm as
Sy = min [, (UyL), 4, (UR)],
L = min 13 (01), 4 (U™ )

Sg = max [4, (UX*), ,(Ur)],

where 1; and 4, are the smallest and largest eigenvalues of (1), and /lj(UROe) denotes the eigenvalue of the
Roe matrix. Although these are not correct bounds of the signal speed [2], these algorithms seem to be
highly effective. Indeed, the HLL solver for the Euler equations with appropriate choices for S; and Sg
is extremely robust since it satisfies an entropy inequality automatically [7] and ensures a positivity preserv-
ing property [9]. The robustness of the HLL solver is also expected for the MHD equations [16].

However, the HLL solver cannot resolve isolated discontinuities and, as a result, is quite dissipative be-
cause the solution of the Riemann problem is approximated by one intermediate state. Therefore, it is a
natural thought that the single-state approximation should be extended to a two-state approximation in
order to be more accurate while maintaining the nice properties.

4. Two-state HLL Riemann solver
4.1. HLLC Riemann solver for the Euler equations

In this subsection, we devote attention to the solver for the Euler equations, which are obtained by set-
ting the magnetic field to zero in (2). In [15], it was suggested that a two-state approximate Riemann solver
could be constructed to exactly resolve isolated contact discontinuities as well as isolated shocks although
that was not implemented practically. However, Toro et al. [29] proposed a simple implementation of the
two-state HLL Riemann solver for the Euler equations.

Consider the approximate Riemann problem in the Riemann fan which is separated into the left and the
right intermediate states, U] and Uy, by the contact wave, S),, as shown in Fig. 2. Toro et al. [29] assumed
that the normal component of the velocity is constant over the Riemann fan, that is,

* *
u, =ug =Sy.

Particularly, Batten et al. [2] insisted that S, should be evaluated from the HLL average (9) as

UL UR

X

Fig. 2. Schematic structure of the Riemann fan with two intermediate states.
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_ (pu)* _ (Sg — ur)prur — (SL —uL)pLuL — pr +pp
Sy == : (14)
p (Sr —ur)pr — (Sv —ur)py
where S; and Sy are estimated by (12) or (13). Once S,/ is given by (14), the jump conditions across the S,
wave,

S,U; —F, =S,U, - F,, (15)

where o = L or R, give the pressure in the Riemann fan as
P =p; =pL+pL(SL—uL)(Sy —uL)
= pr =Pr + Pr(SR — ur) (S — ur). (16)

These equalities are consistent with the fact that the pressure does not change across the contact disconti-
nuity. Also, other intermediate states are derived from (15):

Sa_uoc

Pr=Pag—g (17)
v =0y, (18)
W = Wy, (19)

o — (Sy — ux)ey — p,uts + p*Su
Thus, we obtain the complete set of U, and F;. It is certain that the jump condition across the middle wave
Sy is satisfied. Since the integral conservation laws over (SpAt 0)x (0, Ar) for S;,>0 and
(0, SgA?) x (0, At) for S3,<0 coincide with (15), the two-state HLL fluxes become

(20)

Fo if Sy >0,
e JFifSL<0<Sy, o
R B S O P

Fr if Sg <O.
This solver is called HLLC Riemann solver since the HLLC solver can resolve isolated contact discontinu-

ities exactly [2,29].
Batten et al. [2] showed that the HLLC solver is positively conservative if the conditions,

[y —1 -1
Sy <up — yz—yaL, Sr > ug + V2y ar (22)

where a is the sound speed \/yp/p, are satisfied. These are the same conditions as those for the single-state
HLL Riemann solver shown by Einfeldt et al. [9] exactly and always satisfied by the estimates of (12) or

(13).

4.2. HLLC-type Riemann solver for the MHD equations

Before constructing the new solver, some approaches to the extension of the HLLC Riemann solver for
the Euler equations to the MHD equations are worth reviewing and discussing.

Recently, Gurski [13] developed the HLLC-type Riemann solver for ideal MHD, where the Riemann fan
is separated into two intermediate states, U] and Uy, in the same way as the HLLC Riemann solver. As an
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estimation of St and S, the algorithm (13) is adopted. Also, the middle wave S, is evaluated from the
HLL average like the HLLC. In MHD, the total pressure must be continuous across the middle wave in-
stead of the pressure in the Euler equations as found from (5) or (6). Therefore, (16) is replaced by

Pr = pr, +pL(SL —uL)(Sy — ur)
= Pry T Pr(SR — ur)(Sy — ur). (23)

Since the normal velocity in the Riemann fan is assumed to be constant, the densities in the intermediate
states p; are given by the same as the HLLC Riemann solver, (17). In the case of B, =0, the tangential
momentum equations of MHD coincide with those of the Euler equations. Also, the tangential components
of the magnetic field behave like passive scalars. Therefore, in this case, the intermediate states,

e (24)
W, = w,, (25)
B, =B, g (26)

LB @)
o= ”“)egm‘_p;;““ frde (28)

are easily obtained by the similar procedure for the HLLC solver. In the case of B, # 0, on the other hand,
the intermediate states from (24)—(28) are not consistent with the jump condition on the contact disconti-
nuity (5) in which the tangential components of the velocity and magnetic field must be continuous. There-
fore, those are replaced by the HLL average (9) as

v =g = (’mi) =", (29)
p
Wy = wg = (pm:) =w, (30)
p
B, =B, =B, (31)
B;L - B;R = B:’ (32)

o = (Sy — uy)ey, — py s + pySuy + B(vy - B, — v - BY) . (33)
” Soc - SM
Finally, F; are computed from each jump condition. This solver is referred to as HLLC-G Riemann solver
in this paper.

It is found that the fluxes obtained by (29)—(33) are not reduced to those by (24)—(28) in the limit of
B, =0, and partly correspond to the single-state HLL fluxes. Therefore, the HLLC-G Riemann solver can-
not simulate the structures related to the Alfvén and slow waves with high enough resolution although iso-
lated contact discontinuities as well as isolated fast shocks can be resolved exactly.

In order to resolve the discontinuities across the slow and Alfvén waves sharply, Gurski [13] also pro-
posed another method, as it were extended HLLC-type solver, where the intermediate states are obtained
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by the jump conditions on S, (15) properly. (These intermediate states will be shown later explicitly by (44)—
(48) in subsection 5.1.) Although these are reduced to (24)—(28) in the case of B, = 0, the jump condition
across the middle wave is not satisfied, and thus, the conservation laws in the Riemann fan are broken
in the sense of HLL-type solver. Consequently, as shown in Fig. 5 of [13], unphysical oscillations are pro-
duced even in the simple one-dimensional shock tube test. To remove these oscillations, a certain dissipa-
tion was also introduced in analogy with Linde’s Riemann solver [20,21].

As another approach to recover the resolution of the HLLC-G solver and to suppress unphysical oscil-
lations in the extended HLLC-type solver, by introducing the following form of the intermediate tangential
velocities as

B.(B, - 5))

U, =l — e 34
p(S, — u) (34)

B.(B., - B)
Wo=w, 22 35
' pzx(Si _ui) ( )

instead of (29) and (30), Li [19] constructed another HLLC-type Riemann solver for MHD, referred to as
HLLC-L Riemann solver in this paper. The intermediate states of the HLLC-L solver are consistent with
the integral of the conservation laws over the Riemann fan as opposed to the extended HLLC-type solver.
Also, the HLLC-L solver naturally returns to the HLLC solver in the limit of zero magnetic field. We note,
however, that the HLLC-L solver does not necessarily satisfy the jump condition on the contact disconti-
nuity (5) due to the definitions (34) and (35). This fact does not mean that the HLLC-L solver cannot re-
solve isolated contact discontinuities exactly. In addition, since (31) and (32) are still used as the
intermediate states of the magnetic field even in the HLLC-L solver, (26) and (27) cannot be realized in
the limit where B, becomes zero.

4.3. Linde’s Riemann solver for hyperbolic conservation laws

Another two-state HLL Riemann solver was constructed by Linde [20,21]. In this solver, the jump of the
intermediate states are connected with the jump of the left and the right states empirically by

Up —Up = B(U, Ur)(Ur = Up), 0<B<, (36)

where f§ becomes 1 if an isolated discontinuity is detected in the Riemann fan, whereas f is 0 if the inter-
mediate states are continuous. Thus, f is considered as a strength of the middle wave. Then, Linde’s fluxes
are derived by substituting (36) into the integral conservation laws over the two-state approximate Riemann
fan as

F— SrFL — SLFr + (1 — B)SrSL(Ur — UL) + BS,Su(Ur — Uy)
* Sr — SL

We find at once that Linde’s fluxes return to the single-state HLL fluxes (10) when 5 becomes zero.
Since S, and f are not specified in particular, it is obvious that the ability of the Linde solver is strongly
dependent on the choice of Sy, and f5. In [20], S, and f are given by the Roe average of the normal velocity
and a heuristic linear function with respect to a gap from the jump condition, S»,AU — AF, while those are
obtained through the least-squares solution of the jump condition with appropriate rescaling in [21]. Par-
ticularly, the latter method does not need any information about the eigensystem for the conservation laws.
Thus, one can construct various versions of the Linde solver by introducing some adequate S, and S.
Gurski [13] indicated that the expressions of the HLLC Riemann fluxes can be reformulated similar to
Linde’s fluxes. This is not surprising because the Linde solver may include any two-state Riemann solver

. (37)
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due to the arbitrariness of Sy, and f. The reformulation of the HLLC-type MHD solver inspired that the
extended HLLC-type solver which is accurate but oscillatory can be modified so as to smooth unwanted
oscillations while preserving the positivity of density and pressure [13]. In this solver, named as smooth
HLLC MHD solver, S, is given by the HLL average and f is computed from 4*'AW* = 4~ 'AW instead
of (36), where AW possesses the unit of momentum and a certain linearization as AU = A~ 'AW is assumed.
The smooth HLLC MHD solver is thought to be a positively conservative variant of the Linde solver.

The advantage of Linde’s method is that the algorithm of the solver is independent of the details of the
governing equations despite the exact resolution of isolated contact discontinuities. However, necessary and
sufficient conditions of f to eliminate numerical oscillations completely have not been presented yet, and
some class of Linde’s fluxes may generate unphysical oscillations. Therefore, the Linde solver should be ap-
plied for a complex system without detail knowledge of its characteristics rather than the well-known sys-
tem as the Euler equations and the MHD equations [21].

5. Multi-state HLL Riemann solver
5.1. HLLD Riemann solver for the MHD equations

The HLLC-type Riemann solvers for MHD as reviewed in the previous section may have some
inconsistency with respect to the jump conditions without a particular treatment. We suppose that the
HLLC-type solvers may include inconsistency between the assumption of constant normal velocity and
the two-state approximation of the intermediate states in the Riemann fan. Therefore, in this subsection,
the multi-state (more than two-state) HLL Riemann solver for the MHD equations is constructed based
on the same basic assumption as that in the HLLC Riemann solver for the Euler equations.

Assume that the normal velocity is constant over the Riemann fan. Our assumption which is the same as
in the HLLC solver [2,29] leads to the following noticeable conclusions: The normal velocity in the Rie-
mann fan corresponds to the speed of the middle (entropy) wave. The total pressure is constant over the
Riemann fan. Slow shocks cannot be formed inside the Riemann fan. Rotational discontinuities propagat-
ing with the Alfvén waves, on the other hand, may be generated. The latter two conclusions suggest that, in
order to construct a more accurate HLL Riemann solver for MHD than the single-state HLL solver, the
Riemann fan may be divided into four intermediate states, U}, U[", Uy", and Uy, as illustrated in Fig. 3.
Therefore, we consider the approximate Riemann problem in the four-state Riemann fan separated by
one entropy and two Alfvén waves, Sy, and ST, Sk.

The choice of S}, in the present solver, is to evaluate the average normal velocity from the HLL average
(9) as Batten et al. [2], Gurski [13] and Li [19] did:

(Sr — ur)prur — (SL — uL)prur — pr, +pr,
(Sr —ur)pr — (SL —u)py

Fig. 3. Schematic structure of the Riemann fan with four intermediate states.
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which is identical to (14) except that p is replaced by pr. Since the normal velocity is assumed to be constant
over the Riemann fan, the equalities

up =ul" = uy =up =Sy (39)
are given. In addition to (39), our assumption will restrict the total pressure to constant as

pr, = Pr, = Pr, = Pry = Pr- (40)
The average total pressure p; in the Riemann fan should be evaluated consistent with the jump conditions
for each wave. The present choice of Sy, (38) consistently gives the equalities that p = py, = p1, from the

jump conditions of the normal momentum across Sg and Sy, as indicated by (23) for the HLLC-type solver.
More explicitly, (23) can also be rewritten as

(S — ur)prpr, — (SL — uL)pLpr, + PLPR (SR — ur) (St — up)(ur — u) (1)
(Sr —ur)pr — (SL —u)pp '

The other equalities p;. = py, = py are also satisfied automatically as shown later. Note that contact, tan-
gential, and rotational discontinuities can be formed in the Riemann fan even under the restriction (40).
Once S, and p% are given, the states U, neighboring U, are obtained from the jump conditions across

S

T

Py PSm P Pt
PiSu 0383 + i — B; P,y p,u2+ pr, — B;
v PivsSy — BxB;i Pyl P, Vsl — BB,
S| pow, | — pywiSu — B.B., =8.| pwa | — P Watly, — B.B., . (42)
B, B; Sy — B} B, B, u, — By,
B B Sy — Bow, B., B.,u, — Bow,
e, (e, +p1)Su — Bx(v, - B)) € (ex + pr,)us — Be(v, - B,)

where o = L or R as used in the previous section. It is certain that the second equation of (42) is consistent
with our choice of S, and pi because p itself is derived from this equation. The first equation of (42) gives

S, —u
fep, 43
Pu=Pug—g (43)

which is identical to (17) except for the expression of S,,. Solving the third and fifth equations of (42) simul-
taneously, one obtains that

SM_ua

*=v, — BB, , 44

S T~ Su) e
S, —u,)’ — B

B -5, Po(Sy —uy)” — By N (45)

* P (Ss — uy) (Sy — Sr) - B
Also, from the fourth and sixth equations, we obtain that
SM — Uy

S = o Bsz ) 46

T S ) (5.~ Sw) — B o
Sy — ) — B

B — B py( u ) x (47)

- - P2 (Sy — 1) (Sy — Sur) _B,%.
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Note that the numerical operations of 0/0 seem to appear in (44)—(47) if Sy =u, S,=u,=+tcp,,
B, =B. =0, and B? > yp,. In these cases, (44)~(47) can be simply replaced by v} = v,,w = w,, and
B, =B =0 since there is no shock across S, i.e., p; = p,, u, =u,, and p; = pr, . Finally, the seventh
equatlon of (42) with (44)—(47) gives e} as
Sa_oc o o S Bx oc'Boc_*'B*
e; — ( L u )e pTyu +pT M + (v Va( a() ] (48)
Sy —Su

The expressions (44)—(48) are the same than those employed for the intermediate states of the extended
HLLC-type Riemann solver for MHD [13].

Subsequently, the inner intermediate states U" are considered. From the jump condition of the continu-
ity equation across an arbitrary S where Sp < S < S;, or S, < S < Sy,

Py = Py (49)
because of the relation (39). When (49) is given, the jump condition for the normal momentum across S'leads to
pr, = Pr,- (50)

Thus, (40) is satisfied. Also from (49), it is appropriate that the propagation speeds of the Alfvén waves (3)
in the intermediate states are evaluated by

ST =8u— \|/B;_|L Sk =Su + li)_li (51)
Although we should consider the other jump conditions across S, waves, the jump conditions,
0 P,V S — BB, P, Po0,Sm —
I I R WU TRl 2 S NS o S e BXB;; | )
“I By B"Swy — By “1 B, B} Su — By,
B’ BI'Sy — Bowy' B, B Sy — Bow,

appear not to be solvable if S is defined by (51).
Therefore, we consider the jump conditions for the tangential components of the velocity and magnetic
field across Sy,

Pt pLUUSu — BB PRUR PRVR Su — BB}
wi* wi*sS BB w wi'S B.B*
SM pL **L - pL **L v **ZL = SM pR**R - pR **R v **ZR ° (53)
B} Bl Sy — Byt B B Sy — B
B B'Sy — Bow;® B’ B Sy — Bowy
It is obvious that the equalities
ot =vp =07, (54)
Wit =wy = w", (55)
B =B =B, (56)
B =B =B" (57)

are derived from (53) if B, # 0. These equalities indicate the conditions for the contact discontinuities (5).
On the other hand, if B, =0, (53) also becomes unsolvable. The case of B, = 0 is discussed later. The rela-
tions (54)—(57) show that v, w, B,, and B. are approximated by three intermediate states in our assumption
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(Fig. 4). Therefore, by substituting (49),(51), and (54)—(57) into the integral conservation laws over the Rie-
mann fan,

(Sg — SOUL + (Si — Sy UL + (S — SHUL + (S; — SL)U; — SgUp + S. UL + Fr —FL =0,  (58)
it is derived that
o VPLUL + VPRV + (B, — B) )sign(B;)

: 59

VoL + VPR (59)

o = Y piwr + V/prwr + (BZ, — B )sign(B,) ©

VoL + VPR ’

g _ VPIBL T VPRB), + V/PipR vk — vp)sign(By) -
' VoL + VPR ’

g VPLBL + VPRB, + VPP (Wi — wi)sign(By) )
’ VoL + /PR ’

where sign(B,) is 1 for B, >0 and —1 for B, <0. Here, it is found that the jump conditions across S, (52)
are satisfied by (59)—(62). Finally, the jump condition of the energy density across S, waves can be solved as

e =e F/pi(v,-B, —v”" .- B")sign(B,), (63)
where the minus and the plus of the right side correspond to = L and R, respectively.

In this way, we can derive the complete set of the intermediate states, Uj , Uj*, Uy, and Uy, and corre-
sponding fluxes, F} ,F{",Fy" and Fy, which are satisfied with all jump conditions in our approximate Rie-
mann problem. Therefore, the numerical fluxes of our solver are obtained by the integral of conservation
laws over the left or the right half of the Riemann fan, (S A¢, 0) x (0, At) or (0, SgA?) X (0, Az), as in (8), for
instance such that

F=F.+5.U —S U =F; (64)
for S <0< 87, or
F=F_+ S U — (S —S)U; — S UL =F; (65)
for S < 0 < Sy. In general, the fluxes are given by
Fo if S > 0,
F, if SL <0<y,
F;© it 8] <0< Sy,
Furip = o Af (66)
Fy if Sy <0< S,
Fy if S <0< Sg,
Fr if Sg <O0.
t
S.ooosE sy Sk
ve\ ¥V v
VL VR

Fig. 4. Schematic structure of the Riemann fan with three intermediate states.
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This solver is named as HLLD solver because, as shown in the next subsection, not only isolated contact
discontinuities but also isolated all other discontinuities (not shocks) in the MHD system are exactly re-
solved, i.e., “D” represents all Discontinuities in MHD.

It is found at once that the four-state HLL Riemann solver for MHD as illustrated in Fig. 3 is naturally
reduced to the two-state solver as in Fig. 2 for B, = 0 because, in this case, S| = Sy = Sy from (51). There-
fore, the estimation of the inner intermediate states as (59)—(62) is not necessary for the case of B, = 0. Note
also that the HLLC solver for the Euler equations [2,29] is included in the HLLD solver for the MHD equa-
tions as the limit of zero magnetic field.

In order to obtain the exact upper and lower bounds of the signal speeds for the Riemann prob-
lem, complicated exact solutions for the MHD Riemann problem are needed [2]. Therefore, Sy and
Sr may be estimated approximately by (12) or (13). Also, since the explicit expressions of the larg-
est and smallest eigenvalues for MHD are known as in (3), other estimations may be utilized, for
instance such that

Sy = min(ur,ur) — max(cr, cr ), Sk = max(up,ur) + max(cep, cry ), (67)
or any adequate estimations (e.g., [16]).
5.2. Exact resolution of isolated discontinuities and shocks

At an isolated tangential discontinuity (6),

Up =Ur = U, pr, =Prr =Pt (68)
Substituting (68) into (38) gives

(Sr —u)pr — (SL —u)pL
Then, by substituting (69) into (43) to (48), it is obtained that

U =U,, U;=U. (70)
In the case of which tangential discontinuities can be formed, i.e., B, = 0, the HLLD solver is reduced to the

two-state HLL solver as stated previously. Thus, the HLLD solver gives the exact solution of an isolated
tangential discontinuity for a general x/t,

Uy if x/t <u,
U— { Lo b/t <u (71)
Ur if x/t > u.
At an isolated contact discontinuity (5), in addition to (68),
UL, = Ur = 0, WL = WR =W, BYL = B},R = By, BZL = BZR = Bz. (72)

From the condition (68), (70) is obtained in the same way. Also, by substituting (72) into (59)—(63) with
(49),

U'=0U,, Uy =Ug. (73)
Therefore, an isolated contact discontinuity can be resolved exactly as (71) in the HLLD solver.

Rotational discontinuities must satisfy the jump conditions of (4). Therefore, at an isolated rotational
discontinuity,

pL=Pr =P (74)
besides (68). Therefore, the wave speed of an isolated rotational discontinuity is given by
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By
VP
that is, s, = A, or ¢ of (3). Without loss of generality, assume here that B, > 0 and s, > u. In this case, the
relations,

\//_)(UR — UL) = _(B)’R - B)/'L)7 \/ﬁ(WR - WL) = _(sz - BZL), (76)

must be realized from the jump conditions. Similar to the discussion for an isolated contact or tangential
discontinuity, (70) is obtained from (68). Substituting (76) into (59)—(63) gives

sy=u+t (75)

Ul =Uy =1, (77)
with the help of

er —eL = —/p(Vr - Br —vL - Bp). (78)
The equalities (77) are retained also for B, < 0. On the other hand, when s, <u,

U =U,, Uy =Uy =U;=Ug. (79)

Therefore, in general,

UL if x/t < sy,
u-{ (50)
Ur if x/t > sy.

Thus it is shown that the HLLD solver also resolves an isolated rotational discontinuity exactly.

The speed of an isolated fast shock spis computed as the largest or smallest eigenvalue of the Roe matrix. We
may consider an isolated shock corresponding to the largest eigenvalue only, i.c., sy = )L7R°e, because of the sym-
metry of the left and the right states. The left and the right states at an isolated fast shock are related by

Sf(UR 7UL) :FR 7FL. (81)
Once the maximum signal speed Sk in the HLLD solver is given by the exact shock velocity, (38) gives
— — (S —
Sy = (sp — up)ppur — (S —up)pruc — (82)
(s —ur)pL — (SL—uL)py
by using the jump conditions for the continuity equation and the normal component of the momentum
equation in (81). Also,
pr ="Pry> (83)

by substituting (82) into (41) or equivalently (23). Then, substituting (82) and (83) into (43)—(48), some alge-
braic manipulations with the help of (81) give

Ul = Uy = Uy (84)
Therefore, it is also obtained straightforwardly from (59)-(63) that
U =Us = Uy (85)

Similarly, when s; = St
U} = U =Uy =U; = Ug. (86)

Thus, the exact shock solution,

UL if x/t < s,
U—{ Lo/t < (87)

Ur ifx/t>sf,
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is obtained in the HLLD solver. It is noted that the exact resolution of an isolated fast shock (87) relies on
the proper choices of Sy and S, and thus, the algorithm of (13) is appropriate in this particular viewpoint.
On the other hand, the resolution of an isolated contact, tangential discontinuity (71) and rotational dis-
continuity (80) does not depend on the detailed estimation of Sg and Sy.

5.3. Positivity of HLLD solver

Consider the set of the physically realistic states with positive densities and positive pressures for the
MHD equations such that

P
pu
pv
G= pw ,p>0ande—%p\v|2—%|B|2>O

In the MHD equations, and likewise in the Euler equations, the average states defined by
U= (1 - 0)U; + 0U, with 0 < 0 < 1 are physically realistic states if both U; and U, are physical [16]. Since
Godunov-type schemes update the subsequent states by averaging the states of the exact or the approxi-
mate solution of the Riemann problem, a positively conservative scheme can be constructed in those
schemes if all the states generated are physical. Thus, a positively conservative Riemann solver generates
states in G if the preceding states are contained in G.

We now consider the right outer and inner intermediate states, Uy and Uy'. The positivity preserving
conditions become

pr >0, (88)

pr >0, (89)
* * 1 * |ox |2 1 % |2

rr=0-1 eR_EpR|VR| _§|BR‘ >0, (90)
sk sk 1 Kok | oKk |2 1 K% |2

PR =0-1D{eg “ PR VR| _E‘BR > 0. (91)

In order to simplify the subsequent arguments, the following variables are introduced:
=Sk —ur, N=Sr—Su, (=Sw-—ur. (92)

Since Sy is the maximum signal speed in the Riemann system, both & and 5 are positive. On the other hand,
{ can be either positive or negative.
The conditions of (88) and (89) are easily shown from (43) and (49) such that

* *k é
PR =Pr = %PR > 0. (93)

To show the inequality (90), let us consider the positivity of ¢ defined and rearranged by some algebraic
manipulations as follows:
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* 1 * *
0= (e - 3ol - 3 B

= PBE0 L P P s P v, )+ S (B = 1B, )+ 5 (B + B, )
+BX(VLR'BLR7V1R'B*J_R)

_pié _ |BJ_R|2 pRé

2 (1 pRén—B)f)C kT .

where v, = (0, v, w) and B, = (0, By, B.). It is noted that (94) is identical to the corresponding equation for
the HLLC solver [2] except for the correction in the first term. Since Sg is expressed by 47 of (3) and is the
maximum speed in the Riemann system, the inequalities, & > ¢r, and n > cy,, will be satisfied. Therefore,

, ¢ B.x|’ ¢
¢=%<1—%>C+Ré+p“l\¢. (95)

PRCry —

This relation indicates that ¢ is necessarily positive if ¢’ is positive. (We point out here that Gurski [13]
misled a “stronger condition” for positivity in view of the inequality (95).) Since
pc2 — |B)> = pc2 — B> — [B, | > 0 except when B, =0 and B> > yp, the first term of (95) is necessarily po-
sitive. Note that ¢ in the case of B = 0 fully corresponds to that for the HLLC solver [2], and therefore, the
positivity of ¢ is assured in this case. Thus, since all coefficients with respect to { are positive, ¢’ is positive
for any ( if the discriminant of ¢’ is negative:

D((pl) :p2 _ szpR 1= |]3J~R|2 52 <0
oyl PRCT, — B .

Therefore,

-1

(V - 1)PR |BL |2

&> 1— R ) 96
2pg PRC%R — B 0

X

If B, # 0, by using the relations that

BB,| ypB?
,0(,*3—3)%:—7)‘2| l|2, c?cf:_/pzx,
‘ pc; — By, p
(96) can be rewritten as
y—1
gl (97)

2y fr

Also, if B, = 0, where pc} = yp + |B . [*, the identical inequality is easily derived from (96). Therefore, from
(92) and (97), in order to preserve the positivity of the pressure (90), Sg must be chosen to be satisfied with
the inequality as

Sr > ur + V—ACfR. (98)

Note that the resultant inequality (98) is quite similar to the corresponding inequality for the HLLC solver
(22) but the fast magnetosonic speed ¢;, must be replaced by the sound speed ar. As found form (12), (13),
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or (67), since the HLLD solver for MHD clearly satisfies (98), our solver ensures the positivity preserving
property (90).

Subsequently, if the pressure at the outer states is retained as positive, the positivity of the pressure at the
inner states is shown straightforwardly by using (59)-(63) to be

pr:—w—l)(e;*—pRW L
= ph + (‘\/g + Bgsign(B, ‘ — VPRV + B**sign(BX)|2) =pr > 0. (99)

Also, it is noted from (99) that our solver is consistent with the continuous condition of the pressure across
rotational discontinuities.

The positivity of the density and pressure at the left outer and inner intermediate states, U} and U}, is
also assured if the inequality,

SL<up — /z—ylcfw (100)
is satisfied. Thus, the proof of the positivity is completed. It is obvious that (98) and (100) are stronger than
the conditions by Gurski [13]. The present proof will also be applicable to the single-state HLL Riemann
solver since the one intermediate state of the HLL solver is given by the average of the HLLD intermediate
states contained in G.

At the end of this subsection, we reconsider the prerequisite inequalities to obtain a stronger condition
for the pressure positivity (95). We find at once that the prerequisite inequality as & > ¢y, is assured due to
the estimation (67) or something equivalent. On the other hand, it is not so easy to confirm whether the
other inequality n > ¢y, is satisfied or not at any situation, because S, is evaluated not only from the right
states but also from the left states. In order to simplify the discussion, we only pay attention to expansion
waves which are more problematic than shocks in terms of positivity. From the jump condition of the nor-
mal momentum across Sg, we obtain that

Pty — Pt
PrE

Since pr, is greater than p; under the condition ugr —uy > (pr, — pr,)/pL(SL —uv), the inequalities
n > & > cp, are satisfied at such strong expansion waves. Thus, both prerequisite inequalities for the pres-
sure positivity are satisfied in the most problematic situation. Notice that this fact does not mean that other
situations than strong expansion waves would necessarily break the prerequisite inequalities. Moreover,
since the positivity preserving condition (98) is a rather weak and easily conquerable restriction, the HLLD
solver is thought to be a positively conservative scheme.

n=_+

6. Numerical tests

We present in this section results for several test problems computed by the HLLD Riemann solver. For
comparison, the same problems are solved by the single-state HLL Riemann solver and the standard lin-
earized Riemann solver, the so-called Roe scheme [26], in which we adopt the Roe average by Balsara [1].
Also, the HLLD solver is compared with the variants of the HLLC-type solver. In our tests, as an algo-
rithm to estimate Sp and Sg, (67) is used for simplicity and efficiency because numerical solutions by
(67) are indistinguishable from those by (13) in spite of not resolving isolate fast shocks exactly. Also, y
is fixed to 5/3 throughout our numerical tests. In order to evaluate the essential abilities of the solver,
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we restrict our attention to the scheme of first-order accuracy in space and second-order in time without
additional notice.

6.1. One-dimensional shock tube problems

We perform several one-dimensional shock tube problems which are solved within the interval
—0.5 < x < 0.5, with 800 grid points, and with a CFL number of 0.8, through this subsection.

We perform a typical shock tube problem presented first by Dai and Woodward [6], and tested by Ryu
and Jones [27] and many others, where the initial states are given by (p,p,u,v,w, B,,B.) = (1.08,0.95,
1.2,0.01,0.5,3.6/+/4mn,2/+/4n) for x <0, (1,1,0,0,0,4/v/4r,2/+/4n) for x > 0, with B, = 4//4n. The exact
solution of this problem is composed of various shocks and discontinuities; two fast shocks, two rotational
discontinuities, two slow shocks, one contact discontinuity [6,27]. In Fig. 5, the numerical results are plotted
at t = 0.2. It is found that the numerical solution of the HLLD solver seems to be indistinguishable from
that of the Roe scheme, whereas the HLL solver cannot resolve the contact and the rotational discontinu-
ities in particular. The magnifications of the density profile, where the solution of the HLL solver is omitted
for clarity, around the fast and slow shocks at the left of the contact discontinuity also indicate that the
resolution of the HLLD solver is almost equal to that of the Roe scheme even for the slow shock in this
problem.

Since the solution of this problem includes all ordinary discontinuities in MHD, it is worth considering
whether the similar solvers to the HLLD solver, the variants of the HLLC-type solver by Gurski (HLLC-
G) [13] and by Li (HLLC-L) [19], can resolve discontinuities and shocks well or not. While the smooth
HLLC-type solver [13] was thought to be comparable with one of the Linde solver [20], another Linde’s
solver [21] seemed to be less accurate than the HLLC-L solver [19]. Thus, the numerical test by the smooth
HLLC-type solver are not performed. Since all solvers tested here may resolve isolated fast shocks exactly if
we choose (13), the resolution of the fast shocks in these solvers seems to be comparable with one another.
In order to be clear about the differences of the solvers, we only show the solution without the fast shocks in
Fig. 6. The difference between the results of the HLLD solver and that of the Roe scheme is invisible even in
this enlarged figure. We find that the HLLC-type solvers as well as the HLLD solver can resolve the contact
discontinuity as expected although the contact discontinuity is smeared out by the HLL solver. The rota-
tional discontinuities, on the other hand, are extremely smeared out in both of the HLLC-type solvers
although the HLLC-L solver is slightly more accurate in comparison with the HLLC-G solver. As a con-
sequence, the numerical solution of the HLL or the HLLC-type solver seems to be quite different from the
solution of the HLLD solver or the Roe scheme. We also find from Fig. 7 that the resolution of the HLLC-
type solver cannot be recovered to the level of the HLLD solver or the Roe scheme even when the solvers
are extended to second-order accuracy in space, which are achieved by a linear reconstruction for the prim-
itive variables with minmod limiter. The failure of the HLLC-type solvers is probably caused by the
assumption that the magnetic field is constant over the Riemann fan. Thus, the HLLD solver has an obvi-
ous advantage over the two-state Riemann solvers.

We also test a standard shock tube problem first discussed by Brio and Wu [4] and tested by many oth-
ers, where the initial states are (p, p, u, v, w, B,, B.) = (1, 1,0, 0,0, 1, 0) for x <0, (0.125,0.1, 0, 0, 0, -1, 0)
for x > 0, with B, = 0.75. Although y = 2 in the original test, our test follows the corresponding test by Ryu
and Jones [27] with y = 5/3. Fig. 8 shows the results at £ = 0.1, which include not only ordinary waves but
also the slow compound wave caused by the non-convexity of the MHD equations. We find that the numer-
ical solution of the HLLD solver is almost comparable to that of the Roe scheme as a whole, whereas the
contact and compound waves are not well resolved by the single-state HLL solver. The magnifications of
the density around the slow compound wave and the slow shock, however, indicate that the solution of the
HLLD solver seems to be slightly smeared out compared with that of the Roe scheme although the peaks of
the density on the compound wave are little different from each other (p®°° = 0.820, p""*P = 0.815), and
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Fig. 5. Results of one-dimensional shock tube test with the initial left states (p,p,u,v,w,B,,B.) =
(1.08,0.95,1.2,0.01,0.5,3.6/+/4m,2/+/4x), the right states (1,1,0,0,0,4/+/4n,2/+/4n), and B, = 4/+/4n. Numerical solutions of the
HLL solver, the HLLD solver, and the Roe scheme are plotted at # = 0.2. (Top left) p, (middle left) v, (middle right) w, (bottom left) B,
(bottom right) B., (top middle) p around the left fast shock, (top right) p around the left slow shock are shown.

the differences may not be important. The smaller resolution of the slow shocks in the HLLD solver may be
because the slow waves in the Riemann fan are not explicitly included. On the other hand, although the
solution near the head of the rarefaction attached to the compound wave are almost equivalent, the tail
of the compound rarefaction calculated by our Roe scheme seems to be very slightly undershot. This fact
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Fig. 6. Results of one-dimensional shock tube test with the same initial states as in Fig. 5. Numerical solutions of the HLL solver, the
HLLC-type solver by Gurski (HLLC-G) [13], the HLLC-type solver by Li (HLLC-L) [19], the HLLD solver, the Roe scheme are
plotted at = 0.2. (Top) p, (middle left) v, (middle right) w, (bottom left) B,, (bottom right) B. are shown within —0.02 < x < 0.26.

might be due to the underestimation of the signal speed of the rarefaction wave in the Roe scheme, which is
inevitable for the linearized Riemann solver. Corresponding undershoots are not observed in the HLLD
solver.
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Fig. 7. Results of one-dimensional shock tube test with the same initial states as in Fig. 5. Numerical solutions of the first- and second-
order HLLC-type solver by Li (1st- and 2nd-HLLC-L) [19], the first- and second-order HLLD solver (1st- and 2nd-HLLD) are plotted
at t = 0.2. (Top left) v, (top right) w, (bottom left) B,, (bottom right) B. are shown within —0.02 < x <0.1.

Although the above two tests contain a number of different waves and are quite useful when comparing
MHD solvers with one another, tests for isolated waves are also meaningful. Since information of the slow
waves is lost when constructing the HLLD solver, we concentrate on test problems for the slow waves in
particular. Following the test of a slow switch-off shock by Falle et al. [11], the initial states are given by
(p, p,u, v, w, B, B.) = (1.368, 1.769, 0.269, 1, 0, 0, 0) for x <0, (1,1,0,0,0,1,0) for x>0, with B, =1.
Fig. 9 shows the results at 7 = 0.2, where the tangential component of the magnetic field, B,, is switched
off behind the shock. It is found that the HLLD solver can resolve the isolated slow shock equally to
the Roe scheme despite the loss of information on the slow waves while the HLL solver cannot resolve
the shock well. We note that an error caused by the jump of the initial states is observed in every solver.
We also perform the test of a slow switch-off rarefaction given also by [11], where the initial states are
(p, p,u,v,w, B, B.)=(1,2,0,0,0,0,0) for x<0, (0.2,0.1368, 1.186, 2.967, 0, 1.6405, 0,) for x >0, with
B, = 1. Fig. 10 shows the results at ¢ = 0.2, where B,, is switched off over the head of the rarefaction. Also
in this test, a startup error is observed near the tail of the rarefaction. It is thought that such errors may be
inevitable unless the initial left and right states are connected continuously with a finite width. We find that
the strong slow rarefaction can be calculated by the HLL and the HLLD solvers without any extra numer-
ical dissipation. The isolated fast rarefaction [11] can also be calculated although the results are not shown
in this paper. The success of these solvers may be because the solvers are bounded by the maximum and
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Fig. 8. Results of one-dimensional shock tube test with the initial left states (p, p, u, v, w, By, B.) = (1, 1,0, 0, 0, 1, 0), the right states
(0.125,0.1,0, 0,0, —1, 0), and B, = 0.75. Numerical solutions of the HLL solver, the HLLD solver, and the Roe scheme are plotted at
t=0.1. (Top left) p, (middle left) p, (middle right) u, (bottom left) v, (bottom right) B,, (top middle) p around the slow compound wave,
(top right) p around the slow shock are shown.

minimum signal speeds in the Riemann fan and, as a result, include the effect of not only the slow rarefac-
tion but also the fast rarefaction properly. On the other hand, the Roe scheme fails in this test, where the
entropy condition is broken at x = 0. It is found, however, that an additional entropy correction (e.g., [14])
can cure the unphysical solution in this problem.
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Fig. 9. Results of one-dimensional shock tube test with the initial left states (p, p, u, v, w, B,, B.) = (1.368, 1.769, 0.269, 1, 0, 0, 0), the
right states (1, 1, 0, 0, 0, 1, 0), and B, = 1. Numerical solutions of the HLL solver, the HLLD solver, and the Roe scheme are plotted at
t=0.2. (Top left) p, (bottom left) v, (bottom right) B,, (top right) p around the slow switch-off shock are shown.

In the final shock tube test, we consider super-fast expansions which may be rather extreme situations.
The initial states are given by (p,p,u,v,w,B,, B.)=(1,045, —uy,0,0,0.5,0) for x<0,
(1,0.45, ug, 0,0, 0.5, 0) for x >0, with B, = 0. The fast magnetosonic Mach number M; of the expansion
wave is given by u, since the fast magnetosonic speed c¢f is 1 at the initial states. This type of problem
for the Euler equations was shown not to be linearizable for certain Mach numbers [9]. This will also be
true for the MHD equations. Indeed, as shown in Fig. 11, although the physically realistic solutions,
non-negative density and pressure, can be obtained in the problem with My =3 for all solvers, the Roe
scheme even with the entropy correction fails in the problem with My=3.1. On the other hand, the
HLL and the HLLD solvers preserve the positivity without any extra numerical dissipation as expected
analytically.

6.2. Applicability to multi-dimensions

It is known that the extension of the one-dimensional upwind-type MHD solver to multi-dimensions is
not straightforward because the solenoidal condition of the magnetic field is broken numerically. In order
to remove the numerical divergence errors, several approaches have been applied to the upwind-type solver
and compared with one another (e.g., [8,30]). Although the so-called constrained transport (CT) method by
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Fig. 10. Results of one-dimensional shock tube test with the initial left states (p, p, u, v, w, By, B.) = (1,2, 0,0, 0, 0, 0), the right states
(0.2, 0.1368, 1.186, 2.967, 0, 1.6405, 0), and B, = 1. Numerical solutions of the HLL solver, the HLLD solver, and the Roe scheme are
plotted at ¢ = 0.2. (Top left) p, (bottom left) v, (bottom right) B,, (top right) p by the Roe scheme with the entropy condition (Roe +
E-fix) are shown.

Evans and Hawley [10] can maintain the divergence free condition within machine accuracy, there are no
general guidelines to apply any one-dimensional MHD solver properly. Thus, the application of the CT
method to the HLLD solver is beyond the scope of this paper. On the other hand, the other divergence
cleaning method by projection [3], diffusion [23], or transport [8,25] of divergence errors can be directly
added on to existing one-dimensional MHD schemes.

Particularly, Dedner et al. [8] showed that some add-on divergence cleaning methods can be expressed by
the so-called generalized Lagrange multiplier (GLM) formulation of the MHD equations. They also
pointed out that the choice of the mixed hyperbolic/parabolic GLM-MHD gives excellent results since
the divergence errors in the mixed GLM-MHD are transported out of the domain by two waves with
the maximal admissible speed even in stagnation points and are damped at the same time. The mixed
GLM-MHD is also effective in other aspects; easy to implement on an existing code, fast due to the explicit
approximation, conservative for the physical quantities. Thus, keeping practical applications in mind, the
divergence cleaning method based on the mixed GLM-MHD is adopted in our multi-dimensional test.

We perform, in particular, the so-called Orszag-Tang vortex problem [24] which is a standard two-
dimensional test for MHD schemes (e.g., [30] and many other references therein). The Orszag-Tang vortex
problem is thought to be appropriate for comparing the resolution of MHD schemes because complex
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Fig. 11. Results of one-dimensional shock tube test with the initial left states (p, p, u, v, w, By, B.) = (1, 0.45, —u, 0, 0, 0.5, 0), the right
states (1, 0.45, up, 0, 0, 0.5, 0), and B, = 0. Numerical solutions of the HLL solver, the HLLD solver, and the Roe scheme with the
entropy correction (Roe + E-fix) are plotted at # = 0.05. (Left) uy = 3, (right) uy = 3.1. (Top to bottom) log;op, u, log;opt are shown.
Note that the solution of the Roe scheme is not plotted in the right panel because the Roe scheme fails after several time steps in the
case of uy = 3.1.
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Table 1

Relative differences of the temperature from the solution of the Roe scheme with corresponding accuracy and resolution, 87 ee

N Ist HLL 1st HLLD 2nd HLL 2nd HLLD
50 0.0779 0.0054 0.0239 0.0040

100 0.0579 0.0043 0.0143 0.0028

200 0.0453 0.0034 0.0083 0.0027

400 0.0353 0.0024 0.0046 0.0011

interactions of several MHD shock waves are included in the evolution of the vortex. The initial conditions
of the problem are given by (p, p, u, v, w, By, By, B.) = (yz, y, —siny, sinx, 0, —siny, sin2 x, 0) in a square
domain 0 < x, y < 21t with N x N grids. Periodic boundary conditions are adopted in both coordinate direc-
tions. In the present test, second-order accurate schemes with the monotonized central (MC) limiter as well
as first-order accurate schemes are compared with one another at the resolution of N = 50, 100, 200, and
400. In all simulations, a CFL number of 0.4 is used. Especially, as an indicator of the ability of the
schemes, the numerical solution of the temperature 7'= p/p at ¢t = 7 is taken notice of in the following dis-
cussions. In Table 1, we show the relative differences of the temperature from the solution of the Roe
scheme with corresponding accuracy and grid number defined as

Z |THLL/HLLD _ TR°e|
Z TRoe ’

where the summation is taken over the grid cells. We find that 67, for the HLL solver becomes large
especially with decreasing accuracy and grid number, whereas dTgr.. for the HLLD solver is less than
1% in every case. In Table 2, we also summarize the relative differences of the temperature from the refer-
ence solution as

3 |THLL/HLLD/Roe _ Tref.|

ZTref. ’

where the reference temperature 7' is calculated by the second-order MUSCL Roe scheme with the MC
limiter at the finer grid N = 800 adopting the projection divergence cleaning method, which is one of the
most accurate and reliable method at present [30]. It is found that 8T, for the HLLD solver is comparable
to that for the Roe scheme with corresponding accuracy and resolution within a trivial error although cor-
responding 67 for the HLL solver is large. Indeed, as seen in Figs. 12 and 13, the numerical solution of
the HLLD solver is almost equal to that of the Roe scheme over the whole domain, while the HLL solver is
less accurate and less resolved than the Roe and HLLD solvers especially around (x, y) = (w, ©). Thus, these
results imply that the HLLD MHD solver is applicable to the multi-dimensional problems even with com-
plex wave structures equally to the Roe scheme.

8TRoe =

6Tref. =

Table 2

Relative differences of the temperature from the reference solution, 87 s

N 1st HLL 1st HLLD Ist Roe 2nd HLL 2nd HLLD 2nd Roe
50 0.4106 0.3661 0.3650 0.1580 0.1365 0.1357

100 0.3340 0.2953 0.2950 0.0844 0.0676 0.0675

200 0.2620 0.2257 0.2257 0.0394 0.0308 0.0315

400 0.1960 0.1644 0.1647 0.0172 0.0132 0.0131
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Fig. 12. Gray-scale images of the temperature distribution in the Orszag-Tang vortex problem at ¢ = n for (left to right) the HLL
solver, the HLLD solver, the Roe scheme at N = 200, and the reference solution. The left half of the domain is shown.
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Fig. 13. One-dimensional temperature distribution in the same problem as in Fig. 12 along (left) y = 0.64n, (right) y = n. for the HLL
solver, the HLLD solver, and the Roe scheme. The solid line shows the reference solution in each panel.

7. Conclusions

We have proposed the multi-state HLL approximate Riemann solver for the ideal MHD equations,
named as HLLD approximate Riemann solver. The HLLD Riemann solver was constructed under the
assumption that the normal velocity is constant over the Riemann fan. This assumption naturally con-
cluded that the four states approximation in the Riemann fan are appropriate for B, # 0, whereas the
intermediate states are reduced to the two states when B, = 0. We showed that the HLLD solver can ex-
actly resolve all isolated discontinuities in the MHD system as well as isolated fast shocks. We also proved
analytically that the HLLD solver is positively conservative if proper inequalities for the maximum and
minimum signal speeds are satisfied. Especially, it was shown that those conditions are quite similar to the
conditions for the HLLC solver except for the difference of the expressions for the maximum and mini-
mum eigenvalues. Thus, we considered that the HLLD solver for MHD is a natural extension of the
HLLC solver for the Euler equations. Also, several numerical tests demonstrated that the HLLD solver
is accurate enough in comparison with the linearized Riemann solver while keeping its robustness. From a
typical two-dimensional test, it was considered that the extension to multi-dimensions in the HLLD solver
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may be applicable in a similar way as in the linearized Riemann solver. The ratios of CPU time 1 for the
Orszag-Tang vortex problem at N =400 in our codes are (t/-F:HEEDP 7Ro¢) = (1.1 35:2 67) in the part of
the flux calculation and (1:1.13:1.69) over the whole simulation run, although the actual efficiency for the
whole simulation much depends not only on the optimization of the code but also on the algorithm of the
divergence cleaning method, the higher-order extension method, the time integration method, and so on.
Thus, the HLLD solver seems to be effective particularly in regard to robustness and efficiency rather than
the Roe scheme, although exact positivity preserving property in multi-dimensions may not be necessarily
assured even in the HLLD solver. Also, the HLLD solver may be applicable to the modified MHD system
as subtracting off the background potential field first proposed by Tanaka [28] and applied by many oth-
ers [18,22,25]. In this modified system, the HLLD solver will be constructed by replacing the total pressure
pr with the fluctuating part of the total pressure pr = pr — |B0|2 /2 in (41) for example. A detailed algo-
rithm will be given in the future paper. These all results indicate that the HLLD Riemann solver for the
ideal MHD equations can be an alternative to the linearized Riemann solver for MHD.
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